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Nonlinear Saturation Controller for Suppressing
Inclined Beam Vibrations

Usama H. Hegazy *, Noura A Salem

Abstract—In this paper, we present the numerical and perturbation solutions of an inclined beam to external and parametric forces with
two different controllers, positive position feedback (PPF) and nonlinear saturation (NS) controllers and found that the (NS) one is an
effective controller. The frequency response function and the phase plane methods are used to investigate the system behavior and its
stability. All possible resonance cases will be extracted and effect of different parameters on system behavior at resonance are studied.
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1 INTRODUCTION

ibrations are the cause of discomfort, disturbance,

damage, and sometimes destruction of machines and

structures. It must be reduced or controlled or
eliminated. One of the most common methods of vibration
control is the dynamic absorber. It has the advantages of low
cost and simple operation at one model frequency. In the
domain of many mechanical vibration systems the coupled
nonlinear vibration of such systems can be reduced to
nonlinear second order differential equations which are solved
analytically and numerically.

Elhefnawy and Bassiouny [1] studied the nonlinear
instability problem of two superposed dielectric fluids by
using the method of multiple scales. Frequency response
curves are presented graphically. The stability of the proposed
solution is determined. Numerical solutions are presented
graphically for the effects of the different parameters on the
system stability, response and chaos. El Behady and El-Zahar
[2] studied the effect of the nonlinear controller on the
vibrating system. The approximate solutions up to the second
order are derived using the method of multiple scales
perturbation technique near the primary, principal parametric
and internal resonance cases. Moreover, they investigated the
stability of the solution using both phase plane method and
frequency response equations, and the effects of different
parameters on the vibration of the system. Warminski et al. [3]
studied active suppression of nonlinear composite beam
vibrations by selected control algorithms. Jun et al. [4,5]
extensively studied theoretical and experimental research on
the saturation phenomenon. Eissa et al. [6,7] investigated a
single-degree-of-freedom nonlinear oscillating system subject
to multi-parametric and/or external excitations. The multiple
time scale perturbation technique is applied to obtain solution
up to the third order approximation to extract and study the
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available resonance cases. They reported the occurrence of
saturation phenomena at different parameters values. Kwak
and Heo [8] presented effectiveness of the PPF algorithm
applied for a model of a solar panel, where the first four
modes of vibration have been considered. Siewe and Hegazy
[9] applied different active controllers to suppress the
vibration of a micromechanical resonator system. Moreover, a
time-varying stiffness is introduced to control the chaotic
motion of the considered system. Eissa and Amer [10] and
Yaman and Sen [11] studied the vibration control of a
cantilever beam subject to both external and parametric
excitations but with different controllers. Golnaraghi [12]
indicated that when the system is excited at a frequency near
the high natural frequency, the structure responds at the
frequency of the excitation and the amplitude of the response
increases with the excitation amplitude. Oueini et al. [13]
proposed a nonlinear control law, which is based on cubic
velocity feedback, to suppress the vibrations of the first mode
of a cantilever beam when subjected to a principal parametric
excitation. The method of multiple scales is used to derive two
first-order differential equations governing the time evolution
of the amplitude and phase of the response. Then, a
bifurcation analysis is conducted to examine the stability of
the closed-loop system and to investigate the performance of
the control law. The theoretical and experimental findings
indicate that the control law leads to effective vibration
suppression and bifurcation control. El-Serafi et al. [14,15]
showed how effective is the active control on vibration
reduction of different modes of motion at resonance. They
demonstrated the advantages of active control over the
passive one. Hegazy [16] studied the nonlinear dynamics and
vibration control of an electromechanical seismograph system
with time-varying stiffness. An active control method is
applied to the system based on cubic velocity feedback. In
[17], Hegazy investigated The problem of suppressing the
vibrations of a hinged-hinged flexible beam that is subjected
to primary and principal parametric excitations. Different
control laws are proposed, and saturation phenomenon is
investigated to suppress the vibrations of the system. El-
Ganaini et al. [18] applied positive position feedback active
controller to suppress the vibration of a nonlinear system
when subjected to external primary resonance excitation. The
multiple scale perturbation method is applied to obtain a first-
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order approximate solution. The equilibrium curves for
various controller parameters are plotted. The stability of the
steady state solution is investigated using frequency response
equations. The approximate solution is numerically verified.
They found that all predictions from analytical solutions are in
good agreement with the numerical simulations.

2 SYSTEM MODEL

The modified second-order nonlinear ordinary differential
equation that describes the motion of the inclined beam is
given by [11]

i

U"+ U+ 0%+ Bu’ + Bu® =5 (uu? +u’u”)

=f, cos(Qt)cos(er) +uf, cos(Qt)sin(er) +7F, (t).

Where U,u"and U" represent displacement, velocity and

acceleration of the vibrating beam, respectively, @, is the

S

natural frequency, g, is the damping coefficient, ,31, ﬁz and
0 are nonlinear coefficients, f and f, are the external and

parametric forcing amplitudes, respectively, Q is the
excitation frequency, & is the orientation angle , 7 is the gain

and F, (t) is the control signal.

We introduce a two second-order nonlinear controllers, which
are coupled to the main system through a control law. Then,
the equation governing the dynamics of the controllers is
suggested as

vV'+ 260V ’+a)cz\/ = pF, (t) @

where V,v' and V" represent displacement, velocity and

acceleration of the controller, @, is the natural frequency, ¢ is
the damping coefficient and p is the gain. We choose the

control signal F, =V and feedback signal F, =u for (PPF)

=v?, F, =uv for (NS) control. So the
closed loop system equations to the both controllers are:

control, and F;

(i) Positive Position Feedback (PPF) control
u”+ i’ +olu + pu’+ pu’ -8 (uu +u2u”)

965

V'+ 20N+ 0N = puv ©)

3 NUMERICAL INTEGRATION

The numerical study of the response and the stability of two
nonlinear systems, are conducted. Each system is represented
by two (the plant and the absorber) coupled second order
nonlinear differential equations. The plant (oriented beam) has
guadratic, cubic and quintic nonlinearities and is subjected to
external and parametric excitations. The coupling terms are
either produce the positive position absorber or nonlinear sink
absorber. All possible resonance cases are extracted and effects
of different parameters and controllers on the plant are
discussed and reported.

3.1 TIME-RESPONSE SOLUTION

The time response of the nonlinear systems (3), (4) and (5), (6)
has been investigated applying fourth order Runge-Kutta
numerical method and the results are shown in Figs. (1) and
(2), respectively. The phase plane method is used to give an
indication about the stability of the system. Figs. (1a) and (1b)
show the non-resonant behavior of the main system and the
PPF absorber, respectively, with fine limit cycle for the plant.
Whereas, a chaotic behavior is illustrated in Figs.(1c) and (1d)
for both the plant and the absorber at the simultaneous
primary resonance case. Fig. (2) show the responses of the
plant and the NS absorber at non-resonance, Figs. (2a) and
(2b), respectively and at two resonance cases, Figs. (2¢) and
(2d). It is clear that the response of the plant with the NS
absorber is much better than of PPF absorber. The NS might
be more effective in controlling the behavior of the main
system at resonance, which resulted in a slight chaotic
resonant response, Fig. (2¢) or a modulated amplitude, Fig.
(2e). Therefore, the NS absorber will be considered and
coupled with the main system for further investigation in the
following section.

4 MULTIPLE-TIME SCALES ANALYSIS

The nonlinear differential equation (5) with NS controller (6) is
scaled using the perturbation parameter & as follows

u"+euu’+ou +efu’ +gfu’ —géS(uu’2 +uu ”) =

@3) . )
f, cos(Qt) cos(a) +Uuf , cos(Qt)sin(a) + v, ef, cos(Qt) cos(a) + euf , cos(Qat ) sin(a) + v *, (52)
V'+ 20N+ ol = pu @ "+2Eeo N+ 0N = gpuv . (6a)
Applying the multiple scales method, we obtain first order
(ii) Nonlinear Saturation (NS) control approximate solutions for equation (3) and (4) by seeking the
u” +p11u + 0 2 +ﬁ1U +ﬂ2 (uu +ul ) solutions in the form
f, cos(Qt)cos(a) +uf , cos(Qt ) sin(ax) + v ° )
IJSER © 2016

http://www.ijser.org



International Journal of Scientific & Engineering Research, Volume 7, Issue 7, July-2016

ISSN 2229-5518

u (TO’Tl) = uo(To’Tl) + 8U1(T0 'Tl)1
v (TO’Tl) :Vo(To’Tl) +a/1(T01T1)-

where & is a small dimensionless book keeping perturbation
parameter, T, =t andT, = £T jare the fast and slow time

U]

scales, respectively. The time derivatives transform is recast in
terms of the new time scales as

2
3—t= D,+&D,, ;—f D2 +2sD,D, (®)
where
D0=i and Dlzi. 9)
oT, oT,

Substituting u and time derivatives from equations (7) and
(8), we get

u=u, +e&u,,
u'=D,+eDu, +eDu, +&°Du,, (10)
u”=D,u,+&D,u, +2¢D,Du, +2¢°D,Du,,

and

V=V, +ev,,

vV =Dy,+eDy,+eDy,+&°Dy,, (11)

v'=DV,+&Dv,+2¢D,Dy, +2s°D,Dy,.

Substituting equations (10) and (11) into equations (5a) and
(6a), we get

Dlu, +&Dlu, +2eD Dy, +&wDu,

+a)52u0 +ga)52u1 +gﬁ1u§ +8ﬂ2U05 —2£5D02U§ (12)

—&f, cos(Qt ) cos(ar) — eu,f , cos(Qt ) sin(ar) —swv 2 =0,

and

D&, +&DN,+2eD,Dy, +2cé0,Dy .
13
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(DO2 +a? )v1 =-2D,Dy, -2l Dy, +puy,.  (17)
The general solution of equations (14) and (15) is given by
Uy =A™ + AT e ", (18)
and
V,=B(T,)e' " +B(T,)e " “". (19)

where the quantities A(T;) and B(T,) are unknown

function in T1- Now to solve equations (16) and (17), we

substitute equations (18) and (19) into them, then using the
forms
iQT, -iQT,

and sSin(QT,) =

iQT, -i0T,

e

cos(QT,) = €

2i
we obtain
(D§ +ef u, =(-2i A"~ i A ~3BA°A

—10BA°A” —6a SA’A Je' T

+(-BA*-BBA'A 180 5A° Je* '
siaT, , Le iar (20)
~BA% ""5°+§fle' ° cos(a)

1o ppilasom 1o poilaomo g
+§f2Ae sm(a)+§f2Ae sin(a)
+7B%?*™ 4 BB +cc,

and
(D + @ v, =(-2iw,B'~2i£!B o'

+pBAg' o 4 pABe! (%) 4 cc,

(1)

where cc denotes the complex conjugate terms.

The particular solution of equations (20) and (21) can be
written in the following form

+oN ,+ e, —gpuy , =0. u, (T, T,) =
Equating the coefficient of same powers of & in equations (12) _ 1 _ _
and (13), gives Al ——(-BA*-5BA"A —18co§6A3)e3' “:To
0("): 8o
(D§ +af Ju, =0, (149 1= pA%SaT f,cos(cr)e'
2 1
and 246052 2(605 _Q)(ws +Q)
(Dg +af v, =0. (15) 1 o
. i +QTy x
0()): —29(2@ 0 f,Ae sin(a)
DZ+’)u,=-2D,Du,— Dy, — Bus - Bu; _

( ° ) ' 0o T T e T +—1 f Ae' o sin(c) (22)

+25D2u’ +f, cos(Qt) cos(a) ) 220 -Q)

+U, f, cos(Qt)sin(er) + v 2, , 1 B%% 4 /BB +cc,
and (_Za)c +a)s)(2a)c "’a’s)
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and (b) Non-resonant time series of the controller

v,(T, T,)=Bg'“" _r pBAg! ()T
o, (o, +20,)
1 o 23)
——————pABe' o 4cc. u

o, (o, —2a,)

§ 20 40 e =0 10m

Time
o 0
054
-1
04 02 0 02 04
amplifude

(a) Non-resonant time series of the plant
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-d " 200 0 400 0 600 0 200 1000

amplifude

(d) Resonant time series of the controller when QZCOS and

@, = 0,

‘04 03- 02- 01- 0 01 02 03 04 05

. Fig. 1 Non-resonant and resonant time history solution of the plant and
amplifude 9 y P

the (PPF) controller when:
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w,=2.1, B,=15.0, §=0.03, 1, =0.0005, Q=2.7, aal
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(b) Non-resonant time series of the controller
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(e) Resonant time series of the plant when Q= 2(0S and ., = Ews
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(f) Resonant time series of the controller when QZZCOS and

1
W, =—,
2

Fig. 2 Non-resonant and resonant time history solution of the plant and
the (NS) controller system when:

969

w,=2.1, B,=15.0, 6=0.03, 1 =0.0005, Q=2.7,
B,=50,f,=04,1,=02 =30 r=0.1,
£=0.0001, p=0.1 @, =6.5.

5 STABILITY ANALYSIS

We shall investigate the stability of the system at the

simultaneous resonance condition =@, and :Ews .

In this case we introduce the detuning parameters o, and o,
such that

1
Q= +&0, and o, :Ea)S +¢&0, (24)

Substituting equation (24) into equations (20) and (21),
eliminating the terms that produce secular term and
performing some algebraic manipulations, we obtain

2i A" — i o, A-3BA’A -10B,A°A% —60’SA’A

1 iofl 2402057 (25)
+=f ' cos(a)+7B%'* =0,
2
and
9 1 oig 2 Bpa-2io.T _
(-2ie,B'- 2i20!B)+ pABe 0o o)

1_ 1
Substituting A :Eale'ﬁ’l and B zzaze'gz, we obtain the

following equations that describe the modulations of
amplitudes and phases of the motions

2a) = -, +iflsin(—01+alTl)cos(a)
Q,

S

. @7
+=——ta;sin(-6, +20, +25,T,),
20,
, 3 3 5 5 3 3
28,0/ —— pa; ——— Pa; — - 0.8
0 B, o, Py —5 .58
+iflcos(—(91+o'lTl)COS(a) (28)
a)S
1
+——rta; cos(—6, + 26, +o,T,) =0.
20,
and
' 1 i
; = —§0,2, ~—pag, sin (—6,+20,+20,T,), (29
a)c
a0+ 4L pag, cos(~6, + 26, +25,T,) =0. (30)
Q)

c
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1 1 1
—f. A, :_Tazz' Ay =—paga,
20 4o

S S C

Let A, =

Then, equations (27) - (30) become

23 =—pa, + A, sin(y,)cos(a )+ A,sin(y,), (31)

: 3 5 3
2a,y, =208, - Ba; - B2 ——o.5a;
4o, 8w, 2 (32)
+ A, cos(y,)cos(a)+A,cos(y,).
and
a,=—¢(ma, — A sin(yz), (33)
1
Ea2 (ri—73)= a ,(0,-20,)+A;c08(y,). (34)

The steady state solutions correspond to constant &,,a, and

Y., 7, thatis & =a, =y, =y, = 0.Thus we get

wa, = A sin(yl)cos( )+ A, sin(yz) (35)
—20,3, + ﬁ1a1 _ﬁzai += a) 5a1
(36)

=A, cos(;/l)cos(oc)+A2 cos(yz).
and
GX:N =—A35in(7/2), @37)

1
—EaQ(G1 —20,) =A;c08(7,). (38)
From equations (35) - (38), we have

2
(/’Llai) "{_20'131 T ﬁlai + ﬁzai + a) 531] (39)
=A{ cos’ (a)+A; +2A1A2 cos(a),
l 2

(ga)ca”z)z +(Ea2(o-1 _Zaz)j = (40)

Equations (39) and (40) are called frequency response
equations of the plant and the NS controller, respectively.

(A) TRIVIAL SOLUTION

970
and
~2iw,B'-2iéw’B =0. (42)
We express A and B in the following Cartesian forms
l - | l - |
A :E(pl—lpz)e 1 and B :E(p3—|p4)e #h
where P, P,, P5, P, are real. We obtain
H 1 roiA i H i
—2i w, (E(pl—mz) oy = '¢1(p1 ip, )e mlj
(43)
1. o
_EI a)s,u1(p1 _lpz)e =0,
and
2w (l(p’—ip') e'#h 4 L |¢( —ip )e‘“’lej
c 2 3 4 2 4 (44)

—iéw? (p,—ip, )e'*" =0.
Dividing both sides of equation (43) by @.e'*™ and both of
sides of equation (44) by @,€ 1l , give
o, , : 1. 1
_|p1_p2+¢1p1_|¢1pz_§|p1/11_§ P,y =0. (45)
and
_ip?:_pa"+¢2p3_i¢2p4_ia)cp3§_wcp4é:0- (46)
Separating real and imaginary parts in equations (45) and (46)
to get
, 1
plz(_aﬂlj p1+(_¢1)p21 (47)
, 1
p;=(¢) P +(—§ulj P2y (48)
ps' =(_wc§) Ps +(_¢2) Pss (49)
and
pa’, :(¢2)p3+(_a)c%t)p4- (50)
. 1
Setting J,; = 2 —Hy Jy == I =0 .8, I3y =9,

The stability of the trivial solution is investigated by
evaluating the eigenvalues of the Jacobian matrix of equations
(47) - (50)

. . L. . Jll - l \le 0 0
To determine the stability of the trivial solutions, we
investigate the solutions of the linearized form equations (25) —le ‘]11 -4 0 0 0
and (26), that is =
2ioA"-uioA =0, 41
S Hl @ (41) 0 0 _J34 J33 -2
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which gives ’ 1 1
b, = S b, + Z—flcos%cos(a) )
4 3 2
AT+ AT +n,A +773/”L+774=0_ (51) @ (57)

where 177,,7m,,17; and 17, are functions in the system + LTCOSin'*//O c, + LTCgCOSl/IO .,
parameters. According to the Routh-Hurwitz criterion the 4o, 4o,

necessary and sufficient conditions for all the roots of
equations (51) to have negative real parts and hence a stable (01’ —| ﬁl ﬁzbs ]bl

S S

Q

9
solution are , S 16a,
1, >0, mym, =15 >0, 1, (mm, —n3)—nin, >0, 1, >0.

+—if sing, cos(a) @ + !
b 1 My

C, coswojcl (58)

(B) NON-TRIVIAL SOLUTION S0 s
To determine the stability of the non-trivial solutions, we let + - Tcg Sinl/lojl/fl,
a, =b, +b,(T,), a, =¢c, +¢,(T,) and b
, (1 : b 1 ,
=0+ (1), v =y,+y,(T,) (52) “s —4—a)c/3co SN by ¥ e _4_609pb0 v o
(59)
Substituting equation (52) into equations (31) - (34) similarly as 1
in above, we have + 10 POLC, COS‘/’oj%
20y +2b) =—by — b, AL f, (sing, +¢, cosg, )cos(a)
@ and
1, 1 .
510 (sml//o+wlcosw0)+2—rcocl(smwo+y/1005y/0),
b “’S (59 ( —ﬁio —@bo Sad, ——pooswojbl
20,04+ D¢} + 2090+ Dygf =20y + 200, &
3 3, A2 5 5 15 —1 rC o 00, L £, 008y, [C (60)
—Eﬁl(bo +3‘)Obl+...)—£ﬂ2(bo +551, +...| C X
1 .
3 1 . (54) { A, sinyy, + ]y/ +[—f sing cos aj .
50 (0, sng () by, | 2, SRS
1 . 1 . Let
+£TC0 (cosys, —l//13|nl//0>+2—TCOCl(COSl//O —ysiny ),
1 ) Iy =, 3, =——f, cos cos(a)
Cy +C; =—5@C, —Sac, —— Mg, (Sim//o 'H//lCOSl//o) ) ot = 20, 1% '
4a)° (55) 1 1 )
1 . 1 . Jig =——1C,siny,, J,, = ——1C; COSY,,,
_Emlc()(sm% +WICOSI//O)—prOC1(SIm//0 +y, COSY, ), 13 4o, 0>y, Jyy 40, o LOSY,
o, 9
alnd JZl:b_l_gﬁ ﬂzb?’ bO’
E(Co(/’c; +Co +Ci0) +Ci —CoWy —Co —Cig _Cll//l’) ° 1 °
J,, =———f sing cos(a)
1 1 . 22 1 0 '
=§Co(o_1 0_2)"'20 (61-0,)+ mo (cosy, —y; sinyy) (56) 200,
1 .
Jp = TC, COSY g, Jp = ————1C5 SiNy,,
+4wiﬂolco(cosl//o—1//1sim//0)+E,doocl(cosz//0 —y,siny, ). 2 2wb, ° Vor S 4o b, ° Ve
C C l ]
since b,,C,, ¢, and y, are solutions of equations (31) - (34), Jg; = —Epco siny,,,
b,,¢,,C,and v, are a very small terms and @, +@, =¢@' =0, ¢ 1 1
W, +y, =y' =0 then they can be eliminated, we have =—80, ——— pbysiny,, Iy, = _proco COSy,,

C C
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o 9 25 9 1
J. . =—24+ = Bb +—— Bb3+=w.Sh. ——— pcos )
“ T, T, P g, P T T POV
1 1 1
Ju :__(0-1 _02)_—700 COSy, ———— pb, Cosyy,
CO Oa)s Oa)c 1

1 . 1 .

Ju =2—pb0 siny, +4—rco siny,,.
c 0%s 1

The stability of the non-trivial solution is investigated by of |

evaluating the eigenvalues of the Jacobian matrix of equations | . |

(57) - (60) : - ‘ - i

Jy—-4 I, J

‘le Jzz_l 323 ‘Jz4
J J

J

31 0 w4 Jy w
41 —J2 s Jyu—4A , 7, ‘A
which gives RY /4

At "'771ﬂ~3 +77le +nA+n, = 0_ (61) é7 ] :

The non-trivial solution is stableif | s el B~ ——,
m >0, 11, =1, >0, 15 (111, —115) =1/, >0, 17, > 0.

(b) The natural frequency

6 THEORETICAL FREQUENCY RESPONSE SOLUTION

The resonant frequency response equations of the main
system (39) with NS controller (40) are solved numerically.

The results are shown in Figs. (3) and (4) which represents the “

variation of the steady state amplitudes a;, against the * o) M= 0.1
detuning parameter o1,, respectively, for different values of | a

the other parameters. Fig. (3) shows the theoretical frequency y

response curves of the main system to primary resonance case. 1 \

It can be noted from Figs. (3b-3d) and (3g) that steady state
amplitude increases as each of the natural frequency ws, the
linear damping coefficient p; and the nonlinear coefficients p:
and 0 decrease. The increase in the quintic nonlinear
parameter . bends the frequency response curves to the right
with trivial effect on the steady state amplitude as shown in
Fig. (3e). Fig. (3f) indicates that as the excitation force
amplitude f increases, the branches of the response curves
diverge away and the amplitude increases. The effect of the
gain is shown in Fig. (3h).

Fig. (4) illustrates the resonant frequency response curves of
the NS controller to subharmonic internal resonance for
various parameters. Each figure consists of two curves that
either diverge away when the gain p and the steady state
amplitude of the plant increase, Fig.(4b, 4f). Or, they converge
to each others as the natural frequency w. and the linear (d) The cubic nonlinear coefficient
damping ¢ are decreased as shown in Fig.(4c, 4d). The curves

in Fig. (4e) are shifted to the right as the detuning parameter o,

increases.
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(e) The detuning parameter

|

ﬁ;l a, =0.001

a =0.05

(f) The steady state amplitude of the plant

Fig. 4 Theoretical resonant frequency response curves of the (NS)

controller when: @), = 2.7, 5 =0.0001, o= 001, q= 0.01,
p=10.0.

7 CONCLUSIONS

The control and stability of a nonlinear differential equation
representing the one-degree-of-freedom nonlinear inclined
beam are studied. The inclined beam has cubic and quintic
nonlinearities subjected to external and parametric excitation
forces. Two controller techniques have been applied to the
inclined beam system under different resonance conditions
and the results of numerical Runge-Kutta integration show
that NS controller is the most effective. The analytical
solutions of the plant with NS controller are obtained applying
the multiple scales perturbation technique. The stability of the
coupled system is investigated applying the frequency
response equation for various values of the parameters of the
plant and NS controller. In addition, a good criterion of both
stability and chaos is the phase plane.
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